We present a simple semiclassical model to sustain that in europium chalcogenides (EuX), Faraday rotation (FR) in the transparency gap is proportional to the magnetization of the sample, irrespective of the material's magnetic phase, temperature, or applied magnetic field. The model is validated by FR and magnetization measurements in EuSe in the temperature interval 1.7-300 K, covering all EuSe magnetic phases (paramagnetic, antiferromagnetic type I or type II, ferrimagnetic and ferromagnetic). Furthermore, by combining the semiclassical model with the explicit electronic energy structure of EuX, the proportionality coefficient between magnetization and FR is shown to be dependent only on the wavelength and the band gap. Due to its simplicity, the model has didactic value, moreover, it provides a working tool for converting FR into magnetization in EuX. Possible extension of the model to other intrinsic magnetic semiconductors is discussed.
I. INTRODUCTION
Faraday and Kerr rotations are powerful investigation tools of spin phenomena, the use of which have led, for example, to the demonstration of the spin Hall effect [1, 2] . Modern technology allows the measurement of extremely small Faraday rotation (FR) angles, in the nano radian range [3] , so much that even the contribution of a single electron to the FR has been reported [4] . Time-resolved FR gives access to fundamental parameters of spin coherence, such as its formation and extinction times [5] [6] [7] [8] [9] . However, in most reports FR is used only as an indicative measure of spin coherence, it is not converted numerically into the associated magnetization. A quantitative connection between FR and magnetization is the subject of the present report.
In basic books on solid state physics [10] , and in literature specialized on magneto-optics [11] [12] [13] , FR per unit length of material is often described for diamagnetic materials, where FR is proportional to the magnetic field, B. In a separate class of materials, the diluted magnetic semiconductors (DMS), FR was studied extensively, and various mechanisms of FR have been identified [14] . However, the topic of the present investigation are concentrated, or intrinsic, magnetic semiconductors, whereby the magnetic atoms give origin to the top valence band, whose presence is essential for the FR, and therefore the mechanisms seen in DMS, or in diamagnetic semiconductors, do not apply.
For the diamagnetic case, a proportionality between FR and B can be justified by a simple classical model [15, 16] . In contrast, in intrinsic magnetic semiconductors, the assumption of a constant FR/B ratio fails squarely, as shown in Ref. 17 . In many magnetic semiconductors, FR is proportional to the magnetization, as demonstrated in Ref. 18 , using Maxwell equations and the polarizability tensor for a cubic crystal. The proportionality between FR and magnetization has also been demonstrated for EuTe [19] and other concentrated [20, 21] and diluted magnetic semiconductors [22] , using quantum mechanics, but these calculations are very involved, and require a detailed knowledge of the electronic structure of the investigated material. A simple conceptual model, based on elementary classical ideas, justifying that FR can be proportional to the magnetization in an intrinsic magnetic semiconductor, is lacking, and this work fills this gap.
In this paper we develop a simple semiclassical model, showing that in europium chalcogenides, where the magnetic atoms are the source of the highest energy valence band, for photon energies below the band gap, FR is proportional to the magnetization, independently of the magnetic phase (paramagnetic, antiferromagnetic, ferrimagnetic, or ferromagnetic), temperature, or magnetic field. The model is validated by measurements of FR and magnetization in the 1.7-300 K temperature range and in 0-7 T magnetic fields. The material chosen for the validation was the intrinsic magnetic semiconductor EuSe, whereby by adjusting the external parameters all possible magnetic phases were covered. Our semiclassical model has the advantage over existing quantum-mechanical theories due to its simplicity. Moreover, we show that for EuX, the proportionality constant between FR and magnetization is dependent only on the photon energy and the band gap of the semiconductor.
The paper is organized as follows. In section II, FR is introduced, in section III, the classical model for FR in a diamagnetic semiconductor is briefly reviewed, in section IV we introduce our semiclassical model for FR in EuX, in section V the proportionality between FR and magnetization for EuSe in any scenario is thoroughly demonstrated experimentally, and in VI the semiclassical model is combined with the specific electronic energy structure of EuX, to obtain a working expression for the proportionality constant between magnetization and FR.
II. FARADAY ROTATION BASICS
A linearly polarized light ray can be expressed as the superposition of two rays of equal intensity, one of which is circularly polarized according to the right-hand rule (RCP), and the other according to left-hand one (LCP). The superposition on these rays on exiting the sample gives the FR angle, per unit length, at the wavelength λ [11, 15, 23] :
where n ± is the refractive index, and the plus or minus sign applies to RCP or LCP, respectively. This formula shows that circular birefringence, i.e. the inequality between n + and n − , is the source of FR.
In general, semiconductor materials will contain several valence bands contributing to the birefringence. Photons of energy within the band gap of the semiconductor are closest to resonance with the top valence band, hence the polarization effects of lower lying bands can be discarded in a first examination. The amplitude of the circular polarization induced in the crystal by the rotating electric field of the incoming light, is given by [24, 25] 
where α ± is the electronic polarizability of the atoms forming the valence band, N is the number density of atoms in the solid, and E 0 is the electric field amplitude of the RCP or LCP incident wave. It should be emphasized that α in (2) is the polarizability of an atom embedded in the solid, it is not the polarizability of an isolated atom. These polarizabilities are different from one another because the polarization of atoms, by light within the bandgap, is a perturbation and resonance effect. The electron-photon interaction resonance depends on the spacing between electronic energy levels, which in the solid differ from that of the isolated atom, due to energy band formation, hence the polarizability of an embedded atom differs from that of an isolated one.
On the other hand, taking the photoinduced polarization to be the number density times the atomic polarizability, modified due to the atoms being embedded in the solid, as by (2) , is known to provide a very good description of the linear optical properties of nonmetallic solids (see, for instance, Ref. 26, section 1.4, formula (1.4.16), which justifies the application of eq. (2) to describe the Faraday effect in europium chalcogenides.
Using the relation connecting the refractive index to the electronic polarizability [25] ,
we arrive at
where n 0 = (n + + n − )/2 is the refractive index that the material would have, if no other valence band was present except the one under scrutiny, and ε 0 = 8.85×10 −12 F/m is the vacuum permittivity. Equation (4) shows that for FR to be present, the induced polarization current in the valence orbitals must be different for LCP and RCP. This is explored in the models below.
III. CLASSICAL MODEL OF FR IN A DIAMAGNETIC SEMICONDUCTOR
To build a clear contrast between FR in a magnetic semiconductor, i. e. one that contains atoms with unpaired electrons, to FR in a diamagnetic semiconductor, whose electrons are all paired, let us review very briefly the well-known classical model for FR in the diamagnetic semiconductor. This simple classical model is based on the Lorentz oscillator model of atoms, and it is described in detail in Refs. 15 and 16.
For a non-magnetic atom, its angular momentum (orbital and spin) is zero, therefore there is no spatial orientation of the atom. Hence by symmetry both RCP and LCP will induce equal and opposite polarization currents, therefore there will be no FR. However, if a magnetic field is applied in the direction of light travel (i. e., in the Faraday geometry), then the Lorentz force will have opposite effects on the LCP and RCP induced polarization currents, which become different from one another, and FR emerges. In the linear regime, the FR in this case is proportional to the intensity of the applied magnetic field.
IV. A SEMICLASICAL MODEL CONNECTING FR TO THE MAGNETIZATION IN EUROPIUM CHALCOGENIDES
In EuX, the highest valence band states are formed by half-filled 4f orbitals of the Eu atom [18] , which are buried deep within the ion, beneath the filled 5p shell, hence the characteristics of the isolated orbital are well preserved [27] , therefore the spin of the Eu atom, S=7/2, is maintained in the crystal.
In the semiclassical approach, the magnetic moment, or spin, of an atom, is associated with a circulating electrical current, whose direction and magnitude are described by a vector S. Let us inspect the interaction of the incident linearly polarized light with an average Eu atom in the solid, whose spin S makes an angle θ with the direction of light propagation, as depicted in figure 1 . We express the incident light as a superposition of RCP and LCP, which carry an angular momentum + and − , respectively, along the direction of light travel. The angular momentum vector of the incoming RCP or LCP light can be divided into two components, parallel and perpendicular to the vector S, as shown in figure 1 . By symmetry, in a direction perpendicular to S, RCP and LCP will induce identical polarizations in magnitude, but in opposite directions, totaling zero. Therefore birefringence must be associated with the circular polarization light induces parallel to S, which is proportional to the projection of the light angular momenta onto S. Hence when the angle between S and the direction of light travel is increased from zero to θ, the induced polarization is reduced by a factor of cos θ, i.e.
where α ± || is the circular electronic polarizability of the solid, when its spins are fully aligned with the direction of light travel (θ = 0 in figure 1) .
On the other hand, the magnetization projection in the direction of light propagation, M , is given by
hence a comparison between equations (5) and (6) leads to
Equating (7) and (2) gives
where M SAT = N µ * is the saturation magnetization. Substituting (8) in (4), and using (1), we get
Equation (9) shows that the contribution from Eu atoms to the FR is proportional to their magnetization, the proportionality coefficient being determined by the polarizability. Because the polarizability is determined by the electronic energy structure, the ratio θ F /M will remain unchanged as long as the relative position of the electronic energy levels, as well as their occupation, is invariant. In a semiconductor, the essential parameter is the energy gap, E G , between the valence and the conduction bands. If k B T E G , the occupation of the electronic energy levels will be unchanged, which gives a measure of the range of temperatures in which θ F /M is expected to be constant in EuX, except for deviations due to band gap variations. Thus θ F /M behaves in the same fashion as the refractive index of dielectrics, which is also tied to variations of the band gap [28, 29] . As long as the photon energy is within the band gap, which is the situation considered in this work, contributions from other valence bands will generally be much smaller, due to their excitations being off-resonance with the incident photons, and the central result given by eq. (9) will remain valid.
The significance and the value of the semiclassical model, with which the proportionality between FR and magnetization was demonstrated as expressed by eq. (9), based on a simple argument of forced oscillations and symmetry, can be well appreciated if we compare our model to the full quantum mechanical calculation, described in detail in Ref. 19 , which requires the use of perturbation theory, Wigner rotations of spins, and statistical averaging. The end result is the same, but the semiclassical model is much simpler and transparent.
V. TEST OF THE SEMICLASSICAL MODEL IN THE MAGNETIC SEMICONDUCTOR EuSe
In the previous section it was argued that in EuX FR is proportional to the magnetization. In this section this hypothesis is thoroughly tested using the magnetic semiconductor EuSe. This material was chosen for the test because of its very rich magnetic phase diagram, therefore by applying a magnetic field and adjusting the temperature, the proportionality between FR and magnetization can be tested in all possible magnetic scenarios.
The EuSe crystalline samples were grown by molecular beam epitaxy (MBE) onto (111) BaF 2 substrate. Because of the almost perfect lattice constant matching (a = 6.191Å and a = 6.196Å for EuSe and BaF 2 , respectively), the EuSe layer with µm thickness was bulklike and nearly unstrained [33] . The data presented here was obtained on sample no. 1529, whose EuSe epilayer thickness is 2.5 µm. The magnetization was measured using a SQUID magnetometer, which had a magnetic moment resolution better than 10 −11 Am 2 . The FR was measured using a linearly polarized beam from a semiconductor laser as the monochromatic light source, and a polarization bridge containing balanced photodetectors. The contribution coming from the substrate to the FR was measured separately, using a substrate piece without the epilayer, and subtracted from the FR produced by the EuSe epilayer. In fields up to 0.2 T at all temperatures, both the magnetization and the FR angle displayed a linear dependence on B: typical results are shown in Figure 2(a) . It can be seen that the slopes of θ F and M vary several orders of magnitude with temperature, however, the ratio θ F /M , obtained from the slopes for B < 0.2 T, , as a function of magnetic field, at T =1.7 K. The magnetic field was applied perpendicular to the surface of the epitaxial sample. When B is applied perpendicular to the layer, the AFMII-FiM and FiM-FM phase boundaries are shifted to B = 0.17 T and B = 1.04 T, respectively, due to the demagnetization effect [31] . Vertical lines show the boundaries between the magnetic phases indicated. mated experimental error, which increases towards room temperature, when the response from the substrate becomes comparable to that of the epilayer, both in θ F as well as in M measurements.
For the photon energy of 1.865 eV, which is in near resonance with the band gap, θ F /M increases slightly when the sample is cooled below 20 K. This is explained by the concomitant narrowing of the gap (depicted by the empty circles), which makes the light even closer to resonance with the band gap, which enhances the FR angle, as explained at the end of this section.
In the temperature interval 4.8 − 300 K examined so far, EuSe is in the paramagnetic phase, because its Néel temperature is T N = 4.75 K [9] ; the magnetic phase diagram of our sample was measured, and it is shown in figure 3 (a). To investigate θ F /M in the phases other than the paramagnetic one, the magnetization and FR, at various photon energies, were measured at T = 1.7 K as a function of field. At this temperature the magnetic field drives the EuSe sample through an antiferromagnetic, a ferrimagnetic, and a ferromagnetic phase, as figure 3(a) shows (see also [34] ). A comparison of the magnetization and FR curves can be seen in figure 3(b) , both exhibit an almost identical dependence on B, minor differences in the B-dependencies are within the range of the experimental uncertainties. The dependence of θ F /M on B is shown in fig. 4(a) , for various photon energies. At low fields, θ F /M remains at the same value measured in the paramagnetic phase up to 300 K. Increasing the field, θ F /M increases and tends to a saturation. This process can be understood within the frame of the semiclassical model of sections II and IV. When B is increased at T=5K, the EuSe bandgap nar-
FIG. 5. Electronic levels in EuTe. (a)
Under a strong magnetic field, the Eu spins are aligned ferromagnetically, and the absorption spectrum shows a strong magnetic circular dichroism, whereby the RCP and LCP absorption peaks, corresponding to transitions from the Eu atoms in the S 7/2 state to the 5d(t2g) conduction band, are split by ∼ 19λ f , where λ f is the spin-orbit coupling constant for the Eu 3+ ion [35] (b) RCP and LCP optical transitions between the valence band formed by 5p orbitals of the Te atoms and a conduction band formed by 6s Eu states [18, 30] .
rows, as shown in figure 4(b) , because the applied field imposes ferromagnetic order over a paramagnetic lattice, which lowers the energy of the conduction electrons due to the band-lattice exchange interaction. The dichroic spectrum showing the LCP/RCP splitting was investigated in Ref. 35 . A similarly large bandgap redshift of about 100 meV by applying a magnetic field is also observed in YIG [36] , and it is also associated with the conduction band-lattice exchange interaction. As figure 4 shows, the bandgap redshift saturates around 2.5 T [37] . The increase of the FR angle with increasing applied magnetic field is because the photon energy of the incident light becomes closer to resonance with the bandgap, which implies that the electronic polarizability increases, as the classical Lorentz model of forced atomic oscillators predicts.
VI. PROPORTIONALITY CONSTANT BETWEEN MAGNETIZATION AND FR IN EUROPIUM CHALCOGENIDES
In section IV we showed that in EuX FR is proportional to the magnetization. Here we go a step forward, and determine the proportionality coefficient in EuX, using their well-known specific electronic energy structure, sketched in figure 5 [18] . First we shall estimate the weight of the various valence bands to the FR. Using quantum mechanical time dependent perturbation the-ory [26] applied to EuTe it can be shown that [38] 
where |g represents the ground state of energy E g , described by an electron in the valence band, |n represents the excited states of energy E n , corresponding to an electron in the conduction band, E ng = E n − E g , and µ ± gn is the electric dipole matrix element
Equation (11) shows that the coupling through light between the ground and excited electronic states determines the induced polarization current. In EuTe, when the spins are aligned with the direction of light by the application of a large magnetic field, the band-edge optical absorption becomes strongly dichroic [32, 35, 39, 40] , and shows two narrow peaks, one for LCP and another for RCP, split by ∼ 19λ f [35] , where λ f is the spin-orbit coupling constant for the Eu 3+ atom, as sketched on the left of figure 5. The circular dichroism is associated with optical transitions between the valence level, 8 S 7/2 , formed by the magnetic Eu atoms, into the 5d(t 2g ) conduction band. The equal height of the two lines implies that µ + gn
df . Taking the approximated absorption spectrum into account, (11) leads to
Substituting (13) in (9), and using (3), we get
In obtaining (14) , the condition 19λ f E G − ω was assumed, which requires the incoming photons to be sufficiently away from resonance with the band gap.
It must be emphasized, however, that to arrive at (14), we did not make any approximation concerning the EuX band edge electronic energy structure, we did not substitute the energy bands of EuTe by zero width atomic energy levels. We worked within the frame of the full ( 8 S 7/2 -valence band, 5d(t 2g )-conduction band) model, which is specific for EuX, and which has successfully described such effects as the continuous evolution of a 500 meV broad featureless absorption band at zero field to a doublet of sharp dichroic lines in high fields [32, 35, 39, 40] , as well as second harmonic generation [41, 42] , linear dichroism [43] , and Faraday rotation [19, 44] in EuTe and EuSe. We simply exploited the wellknown experimental fact that at high fields, when all Eu spins align ferromagnetically, two birrefringent narrow lines emerge in the optical absorption threshold of EuX, their width being much less than the band gap [35, 39, 40] , which has nothing to do with a substitution of bands by energy levels. Now we shall inspect the contribution to the FR coming from valence bands generated by completely filled atomic states, whose magnetic moment is zero. In EuTe, just below the 8 S 7/2 valence state, there is a valence band built from 5p 6 shells of the Te atoms [18] , which can be polarized by the incoming light through the dipoleallowed admixture of empty 6s states, as indicated on the right-hand side in figure 5 . In the absence of a magnetic field, the 5p-band will give no birefringence, because optical absorption associated with 5p → 6s transitions will be identical in position and strength for RCP and LCP. But when a magnetic field is applied, the RCP and LCP absorption bands are split by the Zeeman energy, gµ B B. Then, proceeding exactly in the same way as when obtaining (14) , the diamagnetic contribution to the FR is found to be
where n 1 is the refractive index associated with the diamagnetic valence band. Equation 15 shows that the diamagnetic FR is proportional to the magnetic field, in stark contrast to the contribution from the magnetic valence band, given by eq. (14), which is proportional to the magnetization. Dividing (14) by (15), the relative weight of the diamagnetic FR is found
where n 0 ∼ n 1 was used.
Given that gµ B = 0.116 meV/T, and that 19λ f = 180 meV [35] , then the diamagnetic FR will generally be much smaller than the magnetic one.
We shall take a step further, to investigate in more detail the proportionality coefficient between magnetization and FR. We rewrite equation (14) as
where the constant is determined by the materials refractive index, spin-orbit coupling constant, and saturation magnetization. Equation (17) was tested by plotting θ F /M as a function of photon energy, using data taken in a wide temperature and magnetic field range, covering all EuSe magnetic phases, and figure 6 shows the result. It can be seen that the data points deviate from the average of 0.03 rad/A by at most 15%, which is the estimated error bar in our experiment, also shown in figure 6 . The deviation at lower energies is larger, because the FR angle is smaller, hence the experimental error is larger. This is quite remarkable, because the data shown on figure 6 covers a 300 K temperature and a 0-7 magnetic field interval, respectively, where all possible magnetic phases occur, and where the ratio θ F /M changes by an order of magnitude, and where M and θ F vary several orders of magnitude, nevertheless (17) remains constant within experimental error. This not only validates our semiclassical model, it makes equation (17) a practical formula to describe θ F /M in all circumstances, substituting a full complex quantum-mechanical calculation in EuX. Equation (17) should remain valid for other intrinsic magnetic semiconductors, in which a valence level is formed by strongly localized atomic orbitals with nonzero magnetic moment. For the case of magnetic semiconductors where the top valence band is diamagnetic, FR will be a superposition of one component proportional to the magnetization, and another proportional to B. As an example, GdN has a top valence band built from nitrogen 2p states [45] , situated above the localized 8 S 7/2 valence state of the Gd rare earth atoms (i.e., the position of the p valence band and of the localized 8 S 7/2 valence level, shown in figure 5 for EuTe and EuSe, are inverted in order). The magnetic circular dichroism observed in GdN [46] is an indication that FR will also be connected to the magnetization in this system. However, because in GdN the p valence band forms the band gap, for below-the-gap FR the diamagnetic contribution may be of the same magnitude as the ferromagnetic one, making a more complicated scenario. An analysis of the relationship between FR and magnetization in GdN and its dependence on the photon energy will require a separate investigation.
VII. CONCLUSION
We developed a semiclassical model to show that in europium chalcogenides the FR is proportional to the magnetization. The model is based on classical physics concepts only. Our model for FR in the magnetic semiconductors EuX adds to the well known classical model of FR in a diamagnetic semiconductor, forming a didactic picture of the diversity of the FR in different solids. The model is validated by data taken on EuSe in a large temperature and magnetic field range, covering all possible magnetic phases. Moreover, we provided a formula connecting the Faraday rotation angle, the magnetization, the photon energy and the semiconductor band gap, which is a valuable practical solution for the conversion of FR into magnetization, at any temperature and magnetic phase in any member of the EuX family.
